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Introduction

Suppositions are usually distinguished along two axes:
® indicative vs. subjunctive

e full vs. partial

If one supposes p in the ...

e indicative mood, one revises their epistemic state just as if they had
learned that p.

® subjunctive mood, one revises their epistemic state as if they had
learned that p had been brought about by a “local miracle”. (cf. Lewis
1976)

e full mood, one treats their belief about p like certain knowledge.

® partial mood, one only increases their credence in p to a degree less
than certainty.
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Introduction

This gives us 4 types of suppositional reasoning (cf. Eva and Hartmann
2021):

full indicative supposition (FIS) ‘ partial indicative supposition (PIS)
full subjunctive supposition (FSS) ‘ partial subjunctive supposition (PSS)

How should one update their epistemic state for each of these types?

The orthodox answer:
¢ FIS = Bayesian updating
® PIS = Jeffrey conditionalization
® FSS = Imaging
® PSS = n/a (cf., e.g., Giinther 2018)
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Introduction

We develop a causal account of suppositional reasoning that ...
® can cover and unify all 4 types of suppositional reasoning.

e connects FIS, PIS, and FSS to the canonical update rules and suggests
a new update rule for PSS.

The basic idea is that the agent believes in a causal structure to correctly
represent the situation of interest.

The different types of suppositional reasoning then follow from different
transformations of that causal model.
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Causally interpreted Bayesian networks

Main ingredients of a causally interpreted Bayesian network (cf. Pearl 2000;
Spirtes, Glymour, and Scheines 1993):

® a set of variables V
® a set of causal arrows E connecting variables in V
® a probability distribution Pr over V that conforms to

Pr(Xy, ..., Xa) = [ [ Pr(XilPar(X;)). (1)
i=1

where Par(X;) is the set of X;'s parents or direct predecessors in the graph.
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Causally interpreted Bayesian networks

A toy example: Alice believes the following causal structure to adequately
represent the situation and supposes the alarm to go off.

G A:  whether the alarm goes off
F:  whether there is fire
o o H:  whether it is hot in the building
B:  whether Bob hears the alarm
e G E:  whether the building is evacuated
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A Causal Account of Suppositional Reasoning
Full indicative supposition (FIS)

G A:  whether the alarm goes off
F:  whether there is fire
0 o H:  whether it is hot in the building
B:  whether Bob hears the alarm
e G E:  whether the building is evacuated

FIS can be captured by ordinary conditionalization on the basis of the causal
structure:

Pry™()) = Pr(|a) (@)

Supposing a will lead to a probability increase of £, h, b, e.
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A Causal Account of Suppositional Reasoning
Partial indicative supposition (PIS)

° A:  whether the alarm goes off
F:  whether there is fire
o o H:  whether it is hot in the building
B:  whether Bob hears the alarm
e e E:  whether the building is evacuated

Since A is not exogenous, we cannot directly manipulate A's probability
distribution.

But we can construct a new (non-causal) Bayesian network for any ordering
of variables by applying the chain rule formula

Pr(Xy, ..., Xa) = [ [ Pr(XilXu, ... Xi1). (3)
i=1
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A Causal Account of Suppositional Reasoning
Partial indicative supposition (PIS)

G A:  whether the alarm goes off
F:  whether there is fire
0 0 H:  whether it is hot in the building
B:  whether Bob hears the alarm
e G E:  whether the building is evacuated

Applied to (A, F, H, B, E), we get:
Pr(A,F,H,B,E) =

4
Pr(A)Pr(FIA)Pr(H|A, F)Pr(B|A, F,H)Pr(E|A,F, H, B) )
From applying (1) to the original causal structure, we get from this:
Pr(A,F,H,B,E) = Pr(A)Pr(F|A)Pr(H|F)Pr(B|A)Pr(E|A). (5)
Thus, PIS can be captured by
PrES() = Pr(). ©)

where Pr*(-) is the probability distribution associated with the new structure after
a's probability has been increased.

= Compared to FIS we can see a lower increase of degrees of belief of f, h, b, e.
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Full subjunctive supposition (FSS)

whether the alarm goes off

whether there is fire

o whether it is hot in the building
whether Bob hears the alarm

e G : whether the building is evacuated

m®»ITm>

FSS can be captured by cutting the arrow(s) into A and setting A = a
(intervention):

Pry®>() = Pra(:), (7)

where Prj(-) is the distribution Pr(:|d) one gets from setting A = a by
intervention.

This guarantees that only beliefs in consequences of a are updated.

= Compared to FIS we can see the same impact on b, e.
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A Causal Account of Suppositional Reasoning
Partial subjunctive supposition (PSS)

A

PSS can be captured by cutting the arrow(s) into A like for FSS, but without
setting A = a. Instead, we increase the probability of a:

whether the alarm goes off
whether there is fire

whether it is hot in the building
whether Bob hears the alarm
whether the building is evacuated

mWHIT 2>

Pry>() = Pri(-), (8)

where Pr3(-) is the distribution one gets from Pr;(-) by increasing a's prob-
ability to a value less than 1 and Prj(-) is the distribution one gets from
applying (1) to the modified structure.

= Compared to FSS we can see a weaker impact on b, e.
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FIS & Bayesian update

whether the alarm goes off

whether there is fire

0 whether it is hot in the building
whether Bob hears the alarm

G : whether the building is evacuated

m»IT >

PrflS(:) = Pr(-|a) simply amounts to the classical Bayesian strategy to
identify posterior probabilities with conditional prior probabilities.

The relevance of causal structure will become apparent when taking a look
at the full picture and also considering FSS and generalized imaging.
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FIS & Bayesian update

Pr 7 prfis
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PIS & Jeffrey conditionalization

whether the alarm goes off
whether there is fire

whether it is hot in the building
whether Bob hears the alarm
whether the building is evacuated

mP»Tm>

The traditional way to model PIS is Jeffrey conditionalization (cf. Jeffrey
1983):

Pr*(-) = Pr(:|a) - Pr*(a) + Pr(:|a) - Pr*(a), (9)

where Pr is the prior distribution and Pr* is the posterior probability after
learning something about a.

NB: Jeffrey conditionalization requires that the conditional probabilities
Pr(-|a) and Pr(:|3) are rigid (cf. Schwan and Stern 2017).
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PIS & Jeffrey conditionalization

Pr Pr PIS
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Canonical Update Rules and a New Rule for PSS

PIS & Jeffrey conditionalization

G A:  whether the alarm goes off
F:  whether there is fire
o 0 H:  whether it is hot in the building
B:  whether Bob hears the alarm
e G E:  whether the building is evacuated
Recall: We captured PIS by
PIS
Pr;=(:) = Pre(), (10)

where Pr*(-) is the probability distribution associated with the new structure after
increasing a's probability.

Since we can increase Pr*(a) without changing any pramaters, we get:
PrP5(\) = Pr(-]a) - Pr*(a) + Pr(-|3) - Pr*(3) = Pr*(-) (11)

= Justification of rigidity comes for free!
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FSS & generalized imaging

If one supposes a according to FSS, the full probabilistic mass of non-a-
worlds is transferred to a-worlds (cf. Leitgeb 2016; Lewis 1976):

Prwlra)= > Pr(w)- To(w/,w) (12)
w'eWw

w and w’ are possible worlds: (f, h,a, b,e), (f h a,b,&), ... (f,h, 3 b,&).

W is the set of all possible worlds.

Pr(w|Ta) is the probability of w when supposing a.

Tao(w’,w) is a function outputting values from [0, 1] indicating how much of the initial
probability of w’ is transferred over to w.

® 3 corresponds to the set of all possible worlds in which A = a is true, the variable A to the
partition between a-worlds and non-a-worlds, etc.

NB: generalized imaging is rather a whole family of updating rules. Our
model suggests to specify:

/ A
Ta(w', w) = Pr(w|3)



Canonical Update Rules and a New Rule for PSS

FSS & generalized imaging

wy We Ws W4||W5 We W7 Ws

T T
a non-a
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Canonical Update Rules and a New Rule for PSS

FSS & generalized imaging
Recall: We captured FSS by Prf>5(.) = Prs(-). And we specify:

T.(w', w) = Pr(w|d), (13)
where Pr(w|3) can be computed as

[[ Pr(x|Par(X) if ais true in w.

Pr(w|8) = { XeVv\{A} (14)
0 if ais false in w.

The probability mass of any w’ is distributed to worlds in which a is true.

Since we transfer from each world w’ the exact same proportion of Pr(w|4)-
100% of its probability mass to each world w in which a is true, each such
world w will end up with Pr(w|3).
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Canonical Update Rules and a New Rule for PSS

FSS & generalized imaging

If Pr(w|3)-100% is, e.g., 50%, then:

w=w wy We W W4||W5 We W7 Ws

a non-a
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Canonical Update Rules and a New Rule for PSS

FSS & generalized imaging

If

Pr(wi]3) - 100% is, e.g., 50%,
Pr(w»|3) - 100% is, e.g., 25%,
Pr(ws|a) - 100% is, e.g., 15%,
Pr(ws|a) - 100% is, e.g., 10%,
then:

| Wy Wo W W4| | Ws We W7 Ws | | Wy We Wi W4| | Ws Ws W7 ng

a non-a a non-a
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FSS & generalized imaging

whether the alarm goes off
whether there is fire

whether it is hot in the building
whether Bob hears the alarm
whether the building is evacuated

Since we can compute the probability of any proposition or variable instan-
tiation x as

mH T2

Pr(x|ra) =Y _ Pr(w|ra), (15)

we get
Pri®(x) = Pr(x|ra) = ) _ Pr(w|ra) = Pra(x) (16)

weX

if T, is specified according to (13).
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Canonical Update Rules and a New Rule for PSS

FSS & generalized imaging
If bis, e.g., true in wy, wo, ws, wg, then
Prfss(b) = Pr(b|ra) = Pr(wi|ta) + Pr(wa|ta) + Pr(ws|ta) + Pr(we|Ta)

=05+4+0254+040
= 0.75

| W W Ws W4| | Ws W W7 W | | Wy W W W4| | Ws Ws W7 ng

T T T T
a non-a a non-a
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Canonical Update Rules and a New Rule for PSS

PSS & generalized imaging

Again, the main challenge consists in how to determine the transfer function.

Our causal analysis suggests
T.(w', w) = PI’Z(W) (17)

where Pr(-) is defined as before and Pri(w) can be computed as

Priiw)= ] Pri(X|Par(X)). (18)
XeV\{A}

A Causal Theory of Suppositional Reasoning 23 /25



Canonical Update Rules and a New Rule for PSS

Canonical Update Rules and a New Rule for PSS

PSS & generalized imaging

whether the alarm goes off
whether there is fire

whether it is hot in the building
whether Bob hears the alarm
whether the building is evacuated

Because we transfer from each w’ the same proportion of Pri(w) - 100% of its

probability mass to each w, each w will end up with a probability which is exactly
Pri(w).

m»T T2

Thus, with (18) we get

Pri®3(x) = Pr(x|ra) = > _ Pr(w|ra) = Prj(x) (19)

weEX

if T,(w', w) is specified as PrZ(W).
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Conclusion

Conclusion

® We proposed a unifying causal account for reasoning on the basis of
the 4 canonical types of suppositions.

® Reasoning on the basis of all 4 types can be captured by a single causal
model held by the agent and transformations based on that model.

® We then explored the connection of our causal account to the orthodox
update rules for FIS, PIS, and FSS: Bayesian updating, Jeffrey condi-
tionalization, and imaging.

¢ Finally, we introduced a new update rule based on generalized imaging
for the until now understudied PSS.
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